Neutrino-telescopes like Super-Kamiokande and IceCube have started to explore the neutrino fluxes from WIMP annihilations in the Sun. The non-observation of a signal can put constraints on the WIMP properties. We here focus on the neutrino signal from WIMP annihilation in the Sun and show that under reasonable assumptions, the non-observation of a signal from IceCube puts a much tighter constraint on the spin-dependent WIMP-proton scattering cross-section than current direct detection experiments like COUPP and KIMS. For the spin-independent scattering cross-section, the limits from IceCube and current direct detection experiments like XENON10 and CDMS place similar constraints. We here go through the assumptions being made and the uncertainties that arise in converting from limits on the muon flux from the Sun to limits on the WIMP-proton cross-section, and present our results as easy to use conversion factors.
II. WIMP CAPTURE AND NEUTRINOS
As there are many assumptions needed to calculate the neutrino flux from the scattering cross-section, we will do this in two ways. First, we will focus on a 'standard' calculation, with reasonable assumptions usually made in the literature. We will then go through some of these assumptions and perform a conservative calculation where we instead change our assumptions to see how low fluxes we can reasonably get for given scattering cross-sections.
A. Standard calculation
The number of neutralinos in the Sun, N , is described by the differential equation
where the three constants describe capture (C C ), annihilation (C A ), and evaporation (C E ). For the masses of interest here, the evaporation is small and can be neglected [18] . Note that C C depends on the scattering cross-sections on the elements in the Sun, whereas C A depends on the annihilation cross-section. The neutralino annihilation rate Γ A is then
where the present rate is found for t = t ⊙ ≃ 4.5 · 10 9 years. When t ⊙ /τ ≫ 1 annihilation and capture are in equilibrium, dN dt = 0, and
Thus, in equilibrium, Γ A only depends on the capture rate C C , i.e. Γ A only depends on the scattering cross-sections, and not on the annihilation cross-section. From Γ A it is then straightforward (but tedious) to calculate the resulting muon flux at a neutrino telescope for a given WIMP annihilation channel. For the capture (C C ) and annihilation (C A ) we follow the treatment in Ref. [19] as implemented in DarkSUSY [14] . In short, we have to integrate the WIMP scatterings over the volume of the Sun and the velocity of the WIMPs in the galactic halo and will here review the most essential steps in this calculation.
For the velocity of the WIMPs, we will here assume that it follows a Maxwellian distribution,
where u is the velocity of the WIMP (outside the potential well of the Sun), v ⊙ = 220 km/s is the velocity of the Sun relative to the halo, v d = 270 km/s is the WIMP velocity dispersion, and n χ is the WIMP number density. We assume that the local WIMP density is 0.3 GeV/cm 3 . At a given interaction point in the Sun, the WIMP velocity is given by w = √ u 2 + v 2 , where v is the escape velocity at that point. The WIMP capture rate per unit shell volume from element i in the Sun is [19] 
where Ω v,i (w) is the capture probability per unit time for element i. In Eq. (6) we integrate up to the velocity u max = 2v √ µ/(µ − 1) at which the WIMPs scatter to the escape velocity v. Here µ ≡ m χ /m i , for the WIMP mass m χ and the mass m i of element i.
For scattering on heavier elements than Hydrogen, we also need to take decoherence into account by introducing a form factor suppression. Following standard lore, we assume a Helm-Gould exponential nuclear form factor [19] for the momentum transfer q on element i
where
Ω v,i (w) can then be calculated analytically and we arrive at the expression [19] Ω v,i (w) = σ χi · n i (µ + 1)
Here σ χi is the WIMP scattering cross-section on element i, and n i is the number density of element i in the Sun.
To get the total capture rate we integrate over the radius of the Sun, R ⊙ , and finally arrive at [19] 
where the solar composition is taken from Ref. [20] , where we take the solar model BS2005-OP as our default choice. For elements heavier than Oxygen, the solar model BS2005-OP only gives the total abundance and we use the relative abundances as given in Ref. [21] for these. In total, we include the 16 most important elements up to Nickel. We can calculate the spin-independent (SI) cross section on a nucleus with mass number A, σ
where σ SI is the SI WIMP-proton scattering cross-section. For the spin-dependent (SD) WIMP-proton cross-section σ SD , Hydrogen is the most important element in the Sun, and we can neglect the heavier elements in this case.
The muon flux (µ − and µ + ) at the detector is calculated from the WIMP annihilation rate in the Sun as
where D ⊙ is the distance from the center of the Sun, n the target number density, E th µ the detector's energy threshold, λ the muon range, P (E µ , E ′ µ , λ) the probability for a muon of energy E ′ µ to have a final energy E µ after a path-length λ in the detector material, dσ ν (E ν , E ′ µ )/dE ′ µ is the differential neutrino cross-section for production of a muon with energy E ′ µ from a neutrino of energy E ν , P (µ, i) is the probability that a produced neutrino of flavour i oscillates to flavour µ in the detector, B f is the branching ratio for annihilation channel f , and dN f i /dE ν is the differential number of neutrinos of flavour i produced per annihilation in channel f . We perform this calculation with WimpSim [13] including interactions, neutrino oscillations and regeneration of neutrinos from tau decay. We have performed these simulations with the neutrino oscillation parameters [22] (see [13] for details) θ 12 = 33.2
• , θ 13 = 0 [14] as easy to use tables and interpolation routines. For our purpose here, we use a muon energy threshold of 1 GeV as this is how most neutrino telescopes report their results. We will also use the muon fluxes without any angular cut on the muons.
We then have all the necessary ingredients to calculate the flux of muons (or neutrinos) in a neutrino telescope from any given WIMP scattering and annihilation cross-sections. However, for the neutrino telescope limits to be really competitive, we need to have a situation where we have equilibrium between annihilation and capture as discussed above (i.e. we need to have τ eq < 4.5 · 10 9 years). If we do not have equilibrium, neutrino telescope limits will still constrain WIMP models, but we lose the direct correlation between the neutrino-induced muon fluxes and the scattering cross-sections. To investigate this further, we need to look at specific WIMP models and we will here focus on the neutralino that arises as a natural WIMP dark matter candidate in supersymmetric extensions of the standard model for particle physics, like the Minimal Supersymmetric Standard Model (MSSM). We have made extensive scans of the MSSM model parameters both in mSUGRA models and low-energy phenomenological MSSM-7 and MSSM-9 models (in these models, we specify the supersymmetric parameters at the electroweak scale instead of at the GUT scale as in mSUGRA, see [23] for details). In Fig. 1 we show the neutrino-induced muon flux Φ µ for models passing current accelerator constraints and with a relic density in the cosmologically preferred range (generously chosen), together with recent limits from IceCube [15] , and Super-Kamiokande [5] , and the full IceCube estimated sensitivity [15] . In this figure we indicate for which models we do have equilibrium between capture and annihilation and for which we do not. For all models with high fluxes that are currently probed and will be probed in the near future by neutrino telescopes, equilibrium is fulfilled and we will from now on assume that we do have equilibrium. For hypothetical scenarios where this assumption would be invalid, it is straightforward to rescale our results with the tanh 2 (t/τ eq ) factor given in Eq. (2) above. We also note that for another popular class of models, Kaluza-Klein dark matter in Universal Extra Dimensions (UED) [24] , we also always have equilibrium or near equilibrium between capture and annihilation. Naïvely, we do expect to have equilibrium for models that can be probed with currently planned experiments, as the annihilation cross-section that enters τ in Eq. (3) is constrained by the relic density constraint to be of the order of σv ann ≃ 3 · 10 −27 cm 3 s −1 . The above examples for MSSM and UED confirm that this is the case for these specific models. [15] , and Super-Kamiokande [5] , and the full IceCube estimated sensitivity [15] . The muon flux is given above a threshold of 1 GeV.
B. Conservative calculation and uncertainties
The calculation above includes 'standard' assumptions both from particle physics and astrophysics. However, we want to use the neutrino telescope results to put a limit on the scattering cross-section. Hence, we need to investigate processes that can affect our results. In particular we want to investigate the processes that can reduce the neutrino fluxes since a reduction would mean that our limits on the scattering cross-sections would be increase (i.e. they would have been too optimistic).
First of all, there are some uncertainties in the solar model, especially regarding the abundances of heavy elements. In a conservative setup, we instead focus on the solar model BS2005-AGS,OP [20] which includes new lower estimates of the abundances of the heavier elements (for the actual relative abundance we use the estimates in [21] for heavier elements than Oxygen). This will not affect capture via spin-dependent scattering as this occurs on Hydrogen, whose abundance is well-known. It will however reduce capture via spin-independent scattering, especially for heavier WIMPs (heavier than a few hundred GeV), where capture on the heavier elements is important.
Another effect that can reduce the capture rate is gravitational effects from the planets, especially Jupiter, during the capture process [25, 26] . In Ref. [25, 26] , it was estimated that for low scattering cross-sections, the life time of WIMP orbits after the first scattering in the Sun is quite long (i.e. it takes a long time before they scatter again and eventually sink to the core). If the WIMP orbit reaches out to Jupiter, there is a large probability that Jupiter will affect the orbit and disturb it so that it no longer passes through the Sun and eventually throws the WIMP out of the solar system back into the Milky Way halo. To get a conservative estimate of this effect, we have modified the capture expressions above so that WIMPs that reach out to Jupiter after the first scatter in the Sun will be considered as not captured. This reduces capture, especially for heavy WIMPs and especially for scattering on light elements in the Sun (i.e. it is more pronounced for spin-dependent scattering). For 1 (10) TeV WIMPs the reduction is about 13% (87%) for spin-dependent capture and about 1% (12%) for spin-independent capture.
The form factors introduce another source of uncertainty in the spin-independent capture, and the usually assumed Helm-Gould form factors are rather approximate (but convenient to use). In Ref. [27] , the effect of different form factors on direct detection rates was investigated and the conclusion was that the total scattering rate could change by up to about 20% with more accurate form factors. For our conservative estimate, we will here use the Helm-LewinSmith form factors [27, 28] , which for mass number A are given by
Another source of uncertainty is of course the local dark matter density and velocity distribution. For our conservative estimate, we keep the local halo density fixed to ρ 0 = 0.3 GeV/cm 3 as for the standard calculation, as it is easy to rescale our results for other densities. The local WIMP density also enters in the same way for direct detection experiments, so it does not affect the conversion factors below. A bigger concern is the velocity distribution as direct detection experiments are more sensitive to high velocity WIMPs (as they produce larger energy nuclear recoils), whereas the capture process in the Sun is more efficient for low velocity WIMPs. N-body simulations indicate (see e.g. [29] ) that dark matter halos probably are both anisotropic and deviates from the simple Maxwellian form. However, dynamical constraints [30] indicate that they cannot change by too much and still be consistent with observations. It seems reasonable to assume though, that the velocity distribution is not that different from a Maxwellian distribution, that it would reduce the capture in the Sun by more than a factor of two. For our conservative estimate, we have though not included the effects of changing the velocity distribution, as there is yet no consensus on how different it could be and still be compatible with observations. There is also a recent proposal [31] that there might be a dark matter disk in the Milky Way in addition to the regular dark matter halo. This disk could have a local density of (0.25-1.5) ρ 0 and would corotate with the stars in the galaxy. The velocity distribution of this population would therefore be peaked at much lower velocities than the regular halo, which would cause very little change in direct detection experiments (except if the energy thresholds could be reduced), but would increase the capture rate in the Sun by maybe one order of magnitude [32] . The existence of this dark matter disk is still debated and as it increases the capture rate instead of decreasing it, we do not include it in our conservative estimate. We just want to point out that if such a disk exists, the neutrino telescopes could be even more sensitive than the standard calculation gives.
III. RESULTS
We are now ready to calculate our results and will first focus on the conversion rates from muon flux limits to scattering cross-section limits. We will then compare with earlier calculations and at the end we will apply our conversion factors on the current best limits from neutrino telescopes and compare with direct detection experiments.
A. Conversion factors
If we assume that one annihilation channel dominates (i.e. assuming B f = 1 for some annihilation channel f in Eq. (12)) we can relate the observed muon flux Φ obs µ to the annihilation rate
using the functions η f (m χ ), shown for four (extreme) channels in Fig. 2 . These values are the same in the standard and conservative calculations. Note that for a specific WIMP model, we typically know the branching fractions B f , but for general WIMPs, we do not have this knowledge and in extreme cases the uncertainty coming from this lack of knowledge could be about an order of magnitude as seen in the Fig. 2 . However, for most WIMP models, the uncertainty is usually much smaller than this. For supersymmetric neutralinos, the branching fraction to hard channels is typically > 10% for m χ > m W , so the sum of η's is typically rather close (within a factor of a few) to the values for a hard channel like W + W − . For Kaluza-Klein dark matter in models of Universal Extra Dimensions, the branching fractions are rather well-known and with a large hard contribution. Hence, for most realistic models, η is closer to the hard channels like W + W − than the soft ones like bb. To get a really conservative limit, we could use the soft bb channel as an extreme case, but we have here chosen to present results for these different channels separately.
Further on, to get a conservative limit on either the spin-independent or spin-dependent scattering cross-section, we assume that either one of these dominates capture. We can then through Eqs. (10) and (11) 
for functions λ SI (m χ ) and λ SD (m χ ). We can then finally relate the cross-section to the muon flux, as
The conversion factors κ SI f (m χ ) and κ SD f (m χ ) between cross-section and muon flux are shown for four annihilation channels in Fig. 3 for the standard and conservative calculations. For the SI case, we note that the main effect of the conservative calculation is to increase κ SI due to the different form factor. At higher masses, the lower abundances of heavy elements and the effect of Jupiter increases slightly further. For the SD case, we see essentially no differences between the two calculations at low masses as the only significant difference between the calculations in this case is the reduction of capture due to Jupiter, that starts increasing κ SD at high masses. The conversion factors in Fig. 3 can be used to convert a muon flux limit from a neutrino telescope to a limit on the SI or SD WIMP-nucleon scattering cross-section. We have also developed a web tool [33] that can be used to get accurate values for these conversion factors for any WIMP mass between 10 GeV and 10 TeV. The web tool also contains more annihilation channels than those in the figure and also allows to convert from fluxes with different muon energy thresholds and angular cuts than those assumed here. The web tool is also available as a downloadable Fortran program to be used with DarkSUSY [14] . 
B. Comparison with earlier calculations
We can now compare our results with earlier estimates. In Kamionkowski et al. [12] , the event rates in neutrino telescopes were compared with the expected event rates in a hypothetical Hydrogen direct detection detector (and were given in units of m 2 kg −1 ). They assumed a set of different branching fractions B f for different mass ranges and gave their result as the spin-dependent scattering rate. Using the same expression for the direct rate, given in Ref. [34] , we have calculated the equivalent conversion factors κ SD f (m χ ) in terms of the cross-section instead of the direct detection event rate. In Fig. 4 , we show these conversion factors from Ref. [12] (dotted line) and compare with our results with our standard calculation (solid line). As the calculation in Ref. [12] does not include neutrino oscillations, for comparison reasons we also show our results without including neutrino oscillations (dashed line).
In this plot, the branching fractions for the black lines are assumed to be f = bb for m χ < m W ≃ 80 GeV and
GeV. The grey lines are instead for f = τ + τ − for m χ < m t ≃ 175 GeV and f = tt for m χ > m t ≃ 175 GeV. In this figure, we see some discrepancies with the calculation by Kamionkowski et al..
First of all, our conversion factors for bb are higher than their results, which is mostly due to a different treatment of hadronization and decay of the b quarks. We have used Pythia [35] for hadronization/decay, whereas [12] have used analytical expressions that e.g. do not include final state radiation. Also, the treatment of b meson interactions in the Sun is slightly different in our treatment where we have used updated interaction cross-sections (see [13] for details). Our results for bb agree well with those in Ref. [36] , and as they are softer than in [12] our conversion factors are higher. For W + W − and tt, our results agree fairly well, but for τ + τ − , we see a large discrepancy between the grey solid and dashed curves (below m t ). This discrepancy comes from neutrino oscillations not being included in the [12] treatment and our results with neutrino oscillations turned off (grey dashed curve), agree fairly well with the results in [12] . The reason neutrino oscillations have such a big effect on the τ + τ − channel is that we get significantly more tau neutrinos than other neutrino flavours from the τ decays and oscillations will efficiently transform these to detectable muon neutrinos at the detector. Hence, the neutrino flux is significantly enhanced due to neutrino oscillations, which will result in a lower conversion factor in Fig. 4 .
Other smaller differences come from us using an updated solar model and the use of the full expressions for solar capture (including an integration over the solar radius).
We have also compared with the calculation in Ref. [17] , where they focus on WIMP masses up to 20 GeV. They have re-evaluated the Super-Kamiokande limits for this low-mass case and used an updated method of the one in [12] . Their limits on the cross-section are lower than those we have here, where we use the Super-Kamiokande published results (see Fig. 5 ).
In [17] they analyze the Super-Kamiokande data up to 30
• from the Sun, where there happens to be a downwards fluctuation in the number of recorded events compared to the background expectation, which results in a better limit. They have also used approximate expressions for WIMP capture in the Sun and similar analytic expressions for the neutrino yield from bb as in [12] . These effects taken together can explain the difference between our results. FIG. 5: Limits on spin-dependent WIMP-proton cross-section as a function of neutralino mass, for Super-K calculated from the muon flux limit [5] , and for IceCube-22 [15] . Limits from CDMS [9] , COUPP [11] , KIMS [10] , and the full IceCube estimated sensitivity [15] are shown for comparison. Also shown are mSUGRA and MSSM models where neutralinos are (dots) or are not (crosses) in equilibrium in the Sun C. Limits on scattering cross-sections
Using our conversion factors in Fig. 3 (we here use the standard calculation), we can now convert limits on the muon flux from neutrino telescopes to limits on the scattering cross-section. As expected, the limits on the spin-independent scattering cross-section are are similar to, but not competitive with, current direct detection limits and we will instead focus on the spin-dependent scattering cross-sections. In Fig. 5 we show the limits on the spin-dependent scattering cross-section for our standard calculation using the recent muon flux limits from the IceCube 22-string detector [15] and the full IceCube estimated sensitivity [15] . For comparison, we also show the limits from Super-Kamiokande [5] . For Super-Kamiokande, we convert their muon flux limit from a threshold of 1.6 GeV to limits on the flux with a 1 GeV threshold. They have also applied an angular cut in the range of 1.5
• to 19 • [37] for different masses, and we also correct for this effect to get a limit on the full muon flux without angular cuts. The limits are further given for a mixture of 80% bb, 10% cc, 10% τ + τ − , and we have here chosen to calculate the limit for bb. In practice, the choice of annihilation channel mixtures in the Super-Kamiokande analysis mainly affects the choice of angular cuts, and as we have corrected for that, it is a good approximation to treat the limits as limits on the flux for any annihilation channel (the limits on the cross-section will depend on the annihilation channel though through the channel dependence in κ SD f ).
[38] For comparison, in Fig. 5 , we also show the direct detection limits on the spin-dependent scattering cross-section from CDMS [9] , COUPP [11] , and KIMS [10] . As can be seen, the neutrino telescope limits are highly competitive, even if we take the annihilation channel uncertainties into account. Even if we would switch to the conservative calculation, the limits from neutrino telescopes would be far better than current direct detection experiments.
IV. CONCLUSIONS
We have calculated the conversion factors between muon fluxes in neutrino telescopes and direct detection scattering cross-sections and applied these to the current neutrino telescope limits from IceCube and Super-Kamiokande. The limits on the spin-dependent scattering cross section are shown to be highly competitive with current direct detection experiments.
The main difference between our result and the previous result of Kamionkowski et al. [12] comes from including neutrino oscillation effects in the Sun. For f = bb, there is another difference, mainly coming from how b hadronization/decay and b-meson interactions are treated. In addition there is a smaller difference coming from a more exact calculation of the capture in the Sun in our treatment.
Finally, using these new conversion factors, experiments like IceCube, Super-Kamiokande and Antares can easily convert their limits on the muon flux to limits on the scattering cross sections (as was recently done by IceCube in [15] ).
